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Question 3 


Intent of Question 





The primary goals of this question were to assess students’ ability to (1) describe a situation as a series of 
Bernoulli trials; (2) calculate probabilities of events involving Bernoulli trials; (3) recognize whether or not 
an event is likely to occur. 


Solution 
Part (a): 


Let Y denote the number of flights Sam must make until he receives his first upgrade. The random 
variable Y follows a geometric distribution with p=0.1. The probability that Sam’s upgrade will occur 
after his third flight is calculated below. 


P(Y >4)=1-P(Y <3) 
=1-[P(Y =1)+P(Y =2)+P(Y =3)| 
=1-|0.14+0.9x0.1+(0.9)’ x0.1] 


=1-[0.1+0.09 +0.081] 
= 0.729 


Part (b): 


Let p denote the probability that Sam will be upgraded to first class on a particular flight. Let X denote 
the number of upgrades Sam will receive in 20 flights. The random variable X follows a binomial 
distribution with n=20 independent trials and p=0.1. The probability that Sam will be upgraded 
exactly 2 times in his next 20 flights is calculated as follows. 


P(X =2)= Jor yoo") 
= 0.2852 
Part (c): 


Let X denote the number of upgrades Sam will receive in 104 flights. The random variable X follows a 
binomial distribution with n=104 independent trials and p=0.1. Thus, 


P(X > 20) =1-P(X < 20) 
= 1-0.9986 
= 0.0014. 


Because this probability is so small, it is very unlikely that Sam would receive more than 20 upgrades 
in 104 flights if the airline’s claim is correct. This would be expected to happen less than 1 percent of 
the time, indicating that one should be surprised if Sam receives more than 20 upgrades during the 
next year. 
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Question 3 (continued) 


Scoring 

Parts (a), (bo), and (c) are scored as essentially correct (E), partially correct (P), or incorrect (I). 

Part (a) is scored as follows: 
Essentially correct (E) if the response includes a correct probability and shows supporting work. 
Note: An alternative solution to part (a) is: 


P(first upgrade after third flight) = 

P(no upgrade on (flight 1 or flight 2 or flight 3)) = 

P(no upgrade on flight 1 and no upgrade on flight 2 and no upgrade on flight 3) = 
0.9x0.9x0.9 =0.729 


Partially correct (P) if the response includes a correct calculation of a related probability such as 
P(Y =3) =(0.9)(0.9)(0.1) or P(Y = 4) =(0.9)(0.9)(0.9)(0.1), with supporting work, OR the response 
includes a correct probability with insufficient supporting work. 


Note: The calculator command, 1 — geometcdf(0.1,3) with no other justification should be scored no 
higher than P, unless the value 0.1 is labeled as p somewhere in the response, in which case a score of 
E can be given. 


Incorrect (I) if an answer is provided with no supporting work, OR an unreasonable probability (greater 
than 1 or less than 0) is provided. 


Part (b) is scored as follows: 
Essentially correct (E) if the response includes a correct probability and shows supporting work. 


Partially correct (P) if the response includes supporting work but makes a calculation mistake that 


results in a reasonable incorrect probability. For example, 0.1’ x0.9'° should be scored as partially 
correct, OR if the response includes a correct probability with insufficient supporting work. 


Notes 

e The calculator command, binomialpdf(20,0.1,2), with no other justification should be scored no 
higher than P, unless somewhere in the response, the value 0.1 is labeled as p and the value of 20 is 
labeled as n. In such a case, a score of E can be given for this part. 

e If the response in part (a) was downgraded to P for failure to identify the geometric parameter, do 
not downgrade part (b) for this same oversight. 


Incorrect (I) if an answer is provided with no supporting work, OR an unreasonable probability (greater 
than 1 or less than 0) is provided. 
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Question 3 (continued) 
Part (c) is scored as follows: 


Essentially correct (E) if the response includes an answer to the question that is linked to a correct 
probability. 


Partially correct (P) for any of the following: 


e The response includes an answer to the question AND provides a justification based on 
expected value. 


nq 


e The response includes an answer to the question that is linked to an incorrect but reasonable 
probability. 


e The response gives a correct probability AND includes a correct answer to the question but 
fails to link the two. 


nq 


e The response gives a correct probability BUT fails to answer the question. 





Incorrect (I) if the response fails to meet the criteria for E or P. 
4 Complete Response 
All three parts essentially correct 
3 Substantial Response 
Two parts essentially correct and one part partially correct 
2 Developing Response 


Two parts essentially correct and one part incorrect 


OR 
One part essentially correct and one or two parts partially correct 
OR 
Three parts partially correct 
1 Minimal Response 
One part essentially correct and two parts incorrect 
OR 


Two parts partially correct and one part incorrect 
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3A 3A 


3. An airline claims that there is a 0.10 probability that a coach-class ticket holder who flies frequently will be 
upgraded to first class on any flight. This outcome is independent from flight to flight. Sam is a frequent flier 
_ who always purchases coach-class tickets. 


(a) What is the probability that Sam’s first upgrade will occur after the third flight? 
PC Sam's Uddradge did net appen dtiring ft Hvet tvee flights) 
ros 4 G 4 
~ @ ee te ts 


= 0.124 


(b) What is the probability that Sam will be upgraded exactly 2 times in his next 20 flights? 


PC Sam Will be Upaiaded exactly 2 times 1 proxt Yo Fights) 


WA) pk ry tp 4@-* 
50 fee (\-P] 


EE Cony Cos 


= 0.295 


(c) Sam will take 104 flights next year. Would you be surprised if Sam receives more than 20 upgrades 
to first class during the year? Justify your answer. 


Ves. With 4-4 probability fol, Sar Should get avound (o upgrades. 


Sine PCSam getting Zo ow less upgrdes ) GQ Gage , 
te Probability & htm gettivig ryt than 2o Upgvadds «S$ (-0.495¢ 


O.00i+ 


Trove iS Very stim (vane gttting mere than 20 upgrades . 


GO ON TO THE NEXT PAGE. 
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3. An airline claims that there is a 0.10 probability that a coach-class ticket holder who flies frequently will be 


upgraded to first class on any flight. This outcome is independent from flight to flight. Sam is a frequent flier 
who always purchases coach-class tickets. 


(a) What is the probability that Sam’s first upgrade will occur after the third flight? 
Geomewvic setting > p=o.) 


x ASSUMPLADIIS 

‘ © \ndeperderr 

P(X73) = |-p(x42) = 1— oun): + (o4y(or) + (0.4) 0.1)§ outcome 
- @ Sixed H of 
= | 017129 | SUCCESS. 

. @ count # of 

+VIANS +51) 

\St success 


(b) What is the probability that Sam will be upgraded exactly 2 times in his neX20ights? 
Binomial setting: B( 29 0.1) ¥ xsumptions : 


@ \ndependent 
= - Z 2 $ ‘ 
P( X =2) ~ 2b C.s(0,1) (0 :4)' : @ Syed # of HANS 


. cour Hof succes . 
| 0. 285)1 | @ 


\\ 


(c) Sam will take 104 flights next year. Would you be surprised if Sanfreceivesymore than 20 upgrades 
to first class ss during t the he year? Justify ) your answer. ES See . 


Binomial N B ( tol, 0.1) * aSSUM PLARIIS checked avove 
P(X>20) = \-p(x£1a) 


= 1— 0.446% =| 0.003% | 


= the provability of Sag veceiry more than 20 upgeddes jn (ou +8 Ciigrts 
i ont 003. which is highly unlikely, thus, iF he gets So, | would be 
Suv prised, 


GO ON TO THE NEXT PAGE. 
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3. An airline claims that there is a 0.10 probability that a coach-class ticket holder who flies frequently will be 


upgraded to first class on any flight. This outcome is independent from flight to flight. Sam is a frequent flier 
who always purchases coach-class tickets. 


(a) What is the probability that Sam’s first upgrade will occur after the third flight? 


P= (0.9)? o1- Qo0729 


Co 44? yrabogilty rs 7.296 | 


(b) What is the probability that Sam will be upgraded exactly 2 times in his next 20 flights? 


recnyarienl = ony 


So tk povab (ty re dof 


(c) Sam will take 104 flights next year. Would you be surprised if Sam receives more than 20 upgrades 
to first class during the year? Justify your answer. 


The expected vol(ve = W4rus> [ad 


Cite Wrlad, 
es Pos ae : 
T if He af ET Sear PRC HIS YHOO thoy 


We ypgiedls. 


GO ON TO THE NEXT PAGE. 
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Question 3 


Sample: 3A 
Score: 4 


In part (a) the response includes the correct probability, along with adequate supporting work, that Sam’s 
first upgrade will occur after the third flight. Part (a) was scored as essentially correct. In part (b) the 
response includes the binomial formula and the substitution of correct numerical values. Part (b) was 
scored as essentially correct. The response in part (c) begins with the correct answer (“Yes”) to the question 
and follows with the correct, but unnecessary, statement that if the probability of an upgrade is 0.1 for each 
flight, “Sam should get around 10 upgrades.” The response includes the correct probability (“0.0014”) that 
Sam will receive more than 20 upgrades, along with the observation that the probability is “very slim.” 
Although the response would be stronger if the answer were linked more closely to the observation that 
the probability of more than 20 upgrades is small, part (c) was scored as essentially correct. Because three 
parts were scored as essentially correct, the response earned a score of 4. 


Sample: 3B 
Score: 3 


In part (a) the response includes a correct calculation of the probability that Sam’s first upgrade will occur 
after the third flight and shows the work using the geometric distribution. Part (a) was scored as essentially 
correct. In part (b) the response includes the binomial formula with the correct numerical values 
substituted. Part (b) was also scored as essentially correct. This response includes assumptions in both 
parts (a) and (b). Although it is not necessary to state assumptions in this question, the lists include no 
incorrect information. The calculation given in part (c) omits the probability of receiving exactly 20 
upgrades. Therefore, calculated probability is actually the probability of receiving at least 20 upgrades, 
rather than the probability of receiving more than 20 upgrades. The response correctly answers the 
question, with linkage to this incorrect (but reasonable) probability. Part (c) was thus scored as partially 
correct. Because two parts were scored as essentially correct and one part was scored as partially correct, 
the response earned a score of 3. 


Sample: 3C 
Score: 2 


The response in part (a) shows the calculation of the related probability that the first upgrade occurs on the 
fourth flight, rather than the requested probability that the first upgrade occurs after the third flight, so 

part (a) was scored as partially correct. In part (b) the response includes the binomial formula with the 
correct numerical values substituted, and part (b) was scored as essentially correct. In part (c) the response 
includes a correct answer to the question, along with a justification based on the expected number of 
upgrades. Although it is true that 20 upgrades is more than the expected 10.4 upgrades if the probability of 
an upgrade is 0.1 for each flight, the observation does not indicate how surprising 20 upgrades would be. For 
that reason, this justification was not considered to be as strong as a justification based on the probability of 
more than 20 upgrades, and part (c) was scored as partially correct. Because one part was scored as 
essentially correct and two parts were scored as partially correct, the response earned a score of 2. 
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